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In this paper, we propose the application of the
Kernel Principal Component Analysis (PCA) tech-
nique for feature selection in a high-dimensional
feature space, where input variables are mapped by
a Gaussian kernel. The extracted features are
employed in the regression problems of chaotic
Mackey—Glass time-series prediction in a noisy
environment and estimating human signal detection
performance from brain event-related potentials elic-
ited by task relevant signals. We compared results
obtained using either Kernel PCA or linear PCA
as data preprocessing steps. On the human signal
detection task, we report the superiority of Kernel
PCA feature extraction over linear PCA. Smilar to
linear PCA, we demonstrate de-noising of the orig-
inal data by the appropriate selection of various
nonlinear principal components. The theoretical
relation and experimental comparison of Kernel
Principal Components Regression, Kernel Ridge
Regression and e-insensitive  Support  Vector
Regression is also provided.

Keywords. De-noising; Feature extraction; Human
performance monitoring; Kernel functions; Nonlinear
regression; Principal components

1. Introduction

In many real world applications, appropriate prepro-
cessing transformations of high dimensional input

Correspondence and offprint reguests to: R. Rosipal, Applied
Computational Intelligence Research Unit, School of Information
and Communication Technologies, University of Paisey, Paisley
PA1 2BE, Scotland. E-mail. rosi-ci0@paisley.ac.uk
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data can increase the overall performance of algor-
ithms. In general, there are some correlations among
input variables; thus dimensionality reduction or so-
caled feature extraction allows us to restrict the
entire input space to a sub-space of lower dimen-
sionality.

In this study, we have used the recently proposed
Kernel Principal Component Analysis (PCA) [1]
method for feature selection in a high dimensional
feature space F (with dimenson M = o). This
alows us to obtain features (nonlinear principal
components) with higher-order correlations between
input variables, and in addition, we can extract
nonlinear components up to the number of data
points n [1] (assuming n = M). Kernel PCA [1] is
based on computation of the standard linear PCA
[2] in a feature space, into which input data x are
mapped via some nonlinear function ®(x). To this
end, we compute a canonical dot product in space
JF using a kernel function, i.e. K(x,y) = (®(x).P(y)).
This *kernel trick’ allows us to carry out any agor-
ithm, e.g. Support Vector Regression (SVR) [3-5],
that can be expressed in the terms of dot products
in space F. Next, the selected features are used to
train the e-insensitive SVR (see reference for
detailed description [3]) and Kernel Principa
Components Regression (KPCR) [6] models to esti-
mate the desired input-output mappings. Both tech-
niques perform a linear regression in a feature space
’F, however, different cost functions are used. Whilst
the e-insensitive cost function used in SVR is more
robust for noise distributions close to uniform, in
the case of Gaussian noise, the best approximation
to the regression provides a quadratic cost function.
Applying a quadratic cost function to SVR leads to

04-12-01 15:36:27 Rev 16.03x NCA$$$319P
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Kernel Ridge Regression (KRR) [7,5]. Both KRR
and KPCR are the shrinkage estimators designed to
deal with multicollinearity or near-linear dependence
of regressors (e.g. see [8,9,2]). Multicollinearity
results in large variances and covariances for the
least-squares estimators of the regression coef-
ficients, and can dramatically influence the effective-
ness of a regression model. We will give the theor-
etical basis of KPCR, and will also highlight the
relation to KRR.

In noisy environments, linear PCA is a widely
used de-noising technique. We can discard the finite
variance due to the noise by projection of the data
onto the main principal components. The same tech-
nigue can be applied in feature space F by using
the main nonlinear principal components computed
by Kernel PCA. However, the number of nonlinear
principal components extracted by Kernel PCA can
be substantialy higher (up to the number of data
points n). This can be nearly always advantageous,
especidly in the situation where the dimensionality
N of the input data points is significantly smaller
than the number of data points, and a data structure
is spread over al eigendirections. In this case,
decreasing the input dimensionality by projecting
the input datato | < N main linear principal compo-
nents may lead to the loss of significant amounts
of information. On the other hand, we can believe
that ‘spreading’ the information about the data struc-
ture into k > N nonlinear principal components
will give the potential of discarding some of the
eigendirections where the noisy part of data is
mainly contained.

On two data sets — the chaotic Mackey—Glass
time series and human Event Related Potentials
(ERPs) — we compared KPCR, KRR and SVR!
techniques. We demonstrate that by selection of a
subset of nonlinear principal components used in
KPCR we can achieve superior or similar results
compared to KRR, moreover, in the case of KPCR
the fina linear model in a feature space is signifi-
cantly smaller. On the ERPs data set, the results
suggest the superiority of Kernel PCA for feature
extraction over linear PCA in some cases. In
addition, the performance of KPCR and KRR mod-
els using the quadratic loss function is dightly
superior to SVR. This suggests that on that particular
data set a Gaussian type of noise is more likely,
i.e. the regression models with a quadratic loss
function are preferable.

The following section presents the Kernel PCA
technique and linear regression models in a high

1 We are assuming an SVR model with the e-insensitive cost func-
tion.
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dimensional kernel defined space. The problem of
de-noising of the data set in the kernel space is aso
addressed. In Section 3, the construction of the data
sets employed is described. Section 4 discusses the
results. Section 5 concludes the paper.

2. Methods
2.1. Kernel PCA and Multi-Layer SVR
The PCA problem in high-dimensional feature space

F can be formulated as the diagonalisation of an
n-sample estimate of the covariance matrix

C

oY PP

where ®(x;) are centered nonlinear mappings of the
input variables x; € RN i = 1, ..., n (the centralis-
ation of the mapped data in ‘F is given in Appendix
A). The diagonalisation represents a transformation
of the original data to new coordinates defined by
orthogonal eigenvectors V. We have to find eigenva
lues A = 0 and non-zero eigenvectors V. e F
satisfying the eigenvalue equation.

AV = CV
Resdlising that all solutions V with A # O lie in the
span of mappings ®(x,), --., ®(x,), Scholkopf et al.
[1] derived the equivalent eigenvalue problem

Na = Ka Q)

where a denotes the column vector with coefficients
aq, ---, ay such that

V = E a;d(x)
i=1
and K is a symmetric (n X n) Gram matrix with
the elements

Kij = (D(x:)-D(x)) 1= K(x;,%)

Normalising the solutions V* corresponding to the
non-zero eigenvalues A, of the matrix K, trandates
into the condition A(aX.a®) = 1 [1]. Findly, we
can compute the projection of ®(x) onto the kth
nonlinear principal component by

B = (VEO(X) = > alK(x;, X) )

i=1
We then select the first p < n nonlinear principal
components, e.g. the directions which describe a
desired percentage of data variance, and thus work
in the p-dimensional sub-space of feature space F.
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Kernel PCA for Feature Extraction and De-Noising

This alows us to construct multi-layer support vec-
tor machines [1], where a preprocessing layer
extracts features for the next regression or classi-
fication task. In our study, we focus on the
regression problem.

Generally, the SVR problem (e.g. see [4]) can be
defined as the determination of function f(x,w),
which approximates an unknown desired function
and has the form

f(x, @) = @' ®(X) + b

where b is an unknown bias term and w € F is
a vector of unknown coefficients. The following
regularised risk functional has been used [3] to
compute the unknown coefficients b and w:

n

Rurlo) = 3 [Errl + o @

i=1

where Err = y; — f(x;, ), {y}L, are the desired
outputs, n = 0 is a regularisation constant to control
the trade-off between complexity and accuracy of
the regression model, and |Err|, is Vapnik's e-insen-
sitive loss function [3].

It has been shown [3] that the regression estimate
that minimises the risk functional (3) has the form

fo v, v%) = 2 (% — WKux, ) + b (4)

i=1

where {v;, y*}IL, are Lagrange multipliers.

Combining the Kernel PCA preprocessing step
with SVR yields a Multilayer SVR (MLSVR) in
the following form [1]:

fox, v, v) = 20 (v — ¥)Ku(BX),B()) + b

i=1

where components of vectors B are defined by (2).
However, in practice the choice of appropriate kernel
function K, can be difficult. In this study, a poly-
nomial kernel of first order Ki(x)y) = (x.y) is
employed. We are thus performing a linear SVR on
the p-dimensional sub-space of F. The advantage
of linear SVR over ordinary linear regression is the
possibility of using a large variety of loss functions
to suit different noise models [4], eg. Vapnik's
proposed e-insensitive function is more robust for
noise distributions close to uniform, and aso pro-
vides a sparse solution to the regression problem.
However, in the case of Gaussian noise, the best
approximation to the regression provides a least-
squares method with the quadratic loss function of
the form L(y;, f(x;,w)) = [y, — f(x;,w)]% We discuss
methods using this loss function in the next section.

NCA: NEURAL COMPUTING & APPLICATIONS - SPRINGER
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2.2. Feature Space Regularised L east-Squares
Regression Models and Multicollinearity

The multicollinearity or near-linear dependence of
regressors is a serious problem that can dramatically
influence the usefulness of a regression model.
Multicollinearity results in large variances and
covariances for the least-squares estimators of the
regression coefficients. Multicollinearity can also
produce estimates of the regression coefficients that
are too large in absolute value. Thus, the values
and signs of estimated regression coefficients may
change considerably given different data samples.
This effect can lead to a regression model which
fits the training data reasonably well, but in general,
bad generalisation of the model can occur. This fact
isin a very close relation to the argument stressed
in Smola et a. [10], where the authors have shown
that choosing the flattest function? in a feature space
can, based on the smoothing properties of the selec-
ted kernel function, lead to a smooth function in
the input space. There are several methods to deal
with multicollinearity; in our case, we discuss the
Ridge Regression (RR) and Principal Component
Regression (PCR) approaches. Using the theoretical
basis of these techniques in input space, we now
discuss their paralel in a kernel defined feature
space, i.e. KPCR and KRR.

2.2.1. Kernd Principal Component Regresson. Con-
sider the standard regression model in feature
space F

y=®&+ € (5)

where y is a vector of n observations of the depen-
dent variable, ® is an (n X M) matrix of regressors
whose ith row is the vector ®(x;) of the mapped X;
observation into M = o« dimensiona feature space
F, &€ is a vector of regression coefficients and € is
the vector of error terms whose elements have equal
variance o2, and are independent of each other. We
aso assume that regressors {d;(x)}M_, are zero-
mean. Thus, ®'® is proportional to the sample
covariance matrix, and Kernel PCA can be per-
formed to extract M eigenvalues {A}, and corre-
sponding eigenvectors { V/}M,. The projection of the
®(x) onto the kth nonlinear principal component is
given by Eq. (2). By projection of al origind
regressors onto the principal components, we can
rewrite Eqg. (5) as

y=Bw+ € (6)

2The flatness is defined in the sense of penalising high values
of the regression coefficients estimate.
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where B = ®V is now an (n X M) matrix of
transformed regressors, and V isan (M X M) matrix
whose kth column is the eigenvector V. The col-
umns of the matrix B are now orthogonal, and the
least squares estimate of the coefficients w becomes

W = (B™B)"'B'y = A"BTy (7

where A = diag(A, A ..., Ay). The results
obtained using all principal components for the pro-
jection of the origina regressor variables for Eq.
(6) are equivalent to those obtained by least squares
using the original regressors. R

In fact, we can express the estimate & of the
origina model of Eq. (5) as

M
£=VW = V(B'B) BTy = >, A/ WVi(V) Ty
i=1
and its corresponding variance-covariance matrix
[2] as

cov(é) = 0?V(B'B)" VT = VA IVT  (8)

M
= 02 2 AVI(V)T

i=1
To avoid the problem of multicollinearity PCR uses
only some of the principa components. It is clear
from Eqg. (8) that the influence of small eigenvalues
can significantly increase the overall variance of the
estimate. PCR simply deletes the principal compo-
nents corresponding to small values of the eigenval-
ues A;, i.e. the principal components where multicol-
linearity may appear. The penalty we have to pay for
the decrease in variance of the regression coefficient
estimate is bias in the fina estimate. However,
if multicollinearity is a serious problem, the bias
introduced can have a less significant effect in com-
parison to a high variance estimate. If the elements
of w corresponding to deleted regressors are zero,
an unbiased estimate is achieved [2].

Using the first p-nonlinear principal components
(2) to create a linear model based on orthogonal
regressors in feature space F, we can formulate the
KPCR modd as

f(x,) = >, WiB(X)« + b 9
= i Wk§n: ofK(xi, X) + b

=§n: KX, X) + b

i=1

where {¢c, = 3p_wa}_,.

NCA: NEURAL COMPUTING & APPLICATIONS - SPRINGER
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We have shown that by removing the principal
components whose variances are very small, we can
eliminate large variances of the estimate due to
multicollinearities. However, if the orthogonal
regressors  corresponding to those principal
components have a large correlation with the depen-
dent variable y, such deetion is undesirable
(experimentally demonstrated in Rosipal et al. [11]).
There are severa different strategies for selecting
the appropriate orthogonal regressors for the final
model (see References [2,12], and the references
therein). In Rosipal etal. [11], we considered the
Covariance Inflation Criterion [13] for model selec-
tion in KPCR as a novel aternative to methods
such as cross-validation.

2.2.2. Kernel Ridge Regression. KRR is another
technique to deal with multicollinearity by assuming
the linear regression model (5) whose solution is
now achieved by minimising

Re(&b) = X [y — f(x.80% + dllgF (10)

where f (x, &) = &'®P(x) + b and ¥ is a regularis-
ation term. The least-squares estimate of & is biased,
but the variance is decreased (e.g. see [9]). Similar
to the KPCR case, we can express the variance-
covariance matrix of the & estimate [2] as

M
cov(d) = 02 >, L\ + 9)"AVI(V)T
i=1
We can see that, in contrast to KPCR, the variance
reduction in KRR is achieved by giving less weight
to small eigenvalue principal components via the
factor 9.

In practice, we usualy do not know the explicit
mapping ®(.), or its computation in the high-dimen-
sional feature space F may be numericaly intrac-
table. Using the dual representation of the linear
RR model, the authors derived the formula [7] for
estimation of the weights & for the linear RR model
y = &®P(x) in feature space F, i.e. (nonlinear)
KRR. Again, using the fact that K(x,y) = d(x)7
®(y), we can express the fina KRR model in the
dot product form [7,5]

f(x) = c'k = y"(K + 91) "k

where K is again an (n X n) Gram matrix consisting
of dot products K; = (®(x).®(x)) i, ] =1, ..., n;
k is the vector of dot products of a new mapped
input example ®(x), and the vectors of the training
set, i.e. Ki = (P(x).P(x)), and | is an (n X n)
identity matrix. It is worth noting that the same

(11)
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Kernel PCA for Feature Extraction and De-Noising

solution to the RR problem in the feature space F
can also be derived based on the dual representation
of Regularisation Networks (e.g. see [14]), or
through the techniques derived from Gaussian pro-
cesses [15,5].

We can see that including a possible bias term
in the model leads to its penalisation through the
term. However, in the case of regression or classi-
fication tasks, there is no reason to penalise the
shift of f(.) by a constant. To overcome this, we
can add an extra unpenalised bhias term to our linear
regression model in F. Effectively, it means using
a new kernel of the form

R(x, y) = KX, y) + 95, 95 € R
Now, the solution will take the form [14,16,17]

f(x) = E GK(X, x;) + b

i=1

= i G(K(X, X) + 9) + b

i=1

= i cK(X, x) + b

i=1

(12)

and the unknown coefficients {c}7-,, b = X7
¢y + b can be found by solving the following
system of linear Eq.s [14,17]:

(K + Mc+1b= (K + (3 + d))c + 1b
=(K + dal)C+1b=y

>6=0
i=1

where 1 is an (n X 1) vector of ones. Thus, we
can still use a positive definite kernel K as the only
change is to estimate new b and ¥, terms. Recall
that the solution of the SVR, i.e. assuming the linear
regression model y = £d(x) + b in the feature
space F, leads to the nonlinear regression model
(12). In fact, the authors have shown [18] that using
the quadratic loss function in the case of SVR
transforms the general quadratic optimisation prob-
lem [4] for finding the estimate of the weights & =
27_.6P(x) and b to the solution of the linear
Egs. (13).

Another technique in removing a ‘bias’ term is
to ‘centralise’ the regression problem in feature
space, i.e. assume the sample mean of the mapped
data @ (x;) and targets § to be zero. This will lead
to the regression problem § = £'d(x) without the
bias term. The centralisation of the individual
mapped data points ®(x) can be done by the same

(13)

NCA: NEURAL COMPUTING & APPLICATIONS - SPRINGER
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‘centralisation’ of the Gram matrix K and vector k
as described in Appendix A. The solution is then
given by modification of Eg. (11) to the form

fx) = §T(K + d91) "k (14)

We observed [19] that both approaches provide
the same results.

2.2.3. Summing Up. Using the analogy with PCR
and RR in input data space, a connection between
regularised linear regression models in feature space
JF corresponding to KPCR and KRR has been estab-
lished. Both methods belong to the class of shrink-
age estimators, i.e. they shrink the ordinary least
squares solution from the directions of low data
spread to directions of larger data spread. This
effectively means that we can achieve the desired
lower variance of the estimated regression coef-
ficients at the cost of a biased estimate. Whilst with
KPCR we project the data mainly to the principal
components corresponding to larger eigenvalues,
with KRR we are giving less weight to the smaller
eigenvalues. Thus, in both cases we are faced with
amodel selection problem, i.e. selection of nonlinear
principal components in KPCR and setting the regu-
larisation term 9 in KRR, respectively. In KPCR,
one of the straightforward model selection criteria
is based on choosing the first p principal components
describing the predefined amount of overall variance.
Both methods can aso be advantageous in noisy
environments where the noise is spread in the eigen-
directions corresponding to small eigenvalues. We
hypothesise that in situations where these eigendirec-
tions represent mainly the noisy part of the signal,
KPCR can be profitable due to the data not being
projected onto these eigendirections. We discuss the
topic of de-noising by PCA in the next section.

2.3. PCA De-Noising

White additive noise will change the covariance
matrix of the investigated signal by adding a diag-
ona matrix, with corresponding variances of individ-
ual noise components on the diagonal. In the case
of isotropic noise, this will lead to the same increase
of al eigenvalues computed from the clear signal.
If the signal-to-noise ratio is sufficiently high, we
can assume that the noise will mainly affect the
directions of the principal components corresponding
to smaller eigenvalues. This alows us to discard
the finite variance due to the noise by projection of
the data onto the principal components correspond-
ing to higher eigenvalues. However, a nonlinear
transformation of the measured signal consisting of
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a signal and additive noise can smear the noise into
certain directions. Thus, discarding the finite vari-
ance due to the noise can lead to a higher loss of
the signa information, i.e. we have to deal with the
balance between noise reduction and information
loss. We have investigated this situation in the case
of the noisy Mackey—Glass time series and the
nonlinearity ®(.) induced by using the Gaussian
kernel. From Fig. 1 (left) we can see that the noise
increases the variance in directions with smaller
eigenvalues, but decreases the variance in the main
signal components. We can infer from this that a
more uniform smearing of the investigated signa
into all directions was induced. Cutting the direc-
tions with the smaller eigenvalues will provide a
level of noise reduction, however loss of information
in the main signal direction will also appear.

3. Data Sample Construction
3.1. Chaotic Mackey—Glass Time-Series

The chaotic Mackey—Glass time-series is defined by
the differential equation.
ds(t) st — )
R A T e

with a = 0.2, b = 0.1. The data were generated
with 7 = 17 and using a second-order Runge—Kutta
method with a step size 0.1. Training data is from
t=200-3200, while test data is in the range t =
5000-5500. To this generated time-series we added
noise with normal distribution and with different
levels corresponding to ratios of the standard devi-

0.06 0.06

0.05 0.05

14
o
2

eigenvalue
o
°
8
eigenvalue

0 50 100 150

Fig. 1. Left: eigenvalues computed from embedded Mackey—Glass
time series transformed to kernel space. Different levels of noise
were added (n/s represents the ratio between standard deviation
of the noise and signal, respectively); n/s = 0% (solid line), n/s
= 11% (dots), n/s = 22% (dash dotted line). Right: comparison
of the eigenvalues computed from 500 (solid line) and 1000
(dash dotted line) data samples.
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ation of the noise and the ‘clean’ Mackey—Glass
time-series.

3.2. Human Signal Detection Performance
Monitoring

We have used Event Related Potentials (ERPs) and
performance data from an earlier study [20-22].
Eight (A, B, ..., H) male Navy technicians experi-
enced in the operation of display systems performed
a signal detection task. Each technician was trained
to a stable level of performance and tested in mul-
tiple blocks of 50-72 trias, each on two separate
days. Blocks were separated by 1 minute rest inter-
vals. A set of 1000 trials was performed by each
subject. Inter-trial intervals were of random duration,
with a mean of 3s and a range of 25-3.5s. The
entire experiment was computer-controlled and per-
formed with a 19-inch colour CRT display (Fig. 2).
Triangular symbols subtending 42 minutes of arc
and of three different luminance contrasts (0.17,
0.43, or 0.53) were presented parafovedly a a
constant eccentricity of 2 degrees visua angle. One
symbol was designated as the target, the other as
the non-target. On some blocks, targets contained a
central dot, whereas the non-targets did not. How-
ever, the association of symbols to targets was
aternated between blocks to prevent the develop-
ment of automatic processing. A single symbol was
presented per trial, at a randomly selected position
on a 2-degree annulus. Fixation was monitored with
an infrared eye tracking device. Subjects were
required to classify the symbols as targets or non-
targets using button presses, and then to indicate
their subjective confidence on a 3-point scale using
a 3-button mouse. Performance was measured as a
linear composite of speed, accuracy and confidence.
A single measure, PF1, was derived using factor

AL
- VV
A A
A%
JOR b ®
(e v on ] ]

Confidence Rating Detection Response

Fig. 2. Display, input device configuration and symbols for task-
relevant stimuli for the signal detection task.
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analysis of the performance data for al subjects,
and validated within subjects. The computational
formula for PF1 was

PF1 = 0.33*Accuracy + 0.53*Confidence
—0.51*Reaction Time

using standard scores for accuracy, confidence and
reaction time based on the mean and variance of
their distributions across all subjects. PF1 varied
continuoudly, being high for fast, accurate and con-
fident responses, and low for slow, inaccurate and
unconfident responses.

ERPs were recorded from midline frontal, central
and parieta electrodes (Fz, Cz and Pz), referred to
average mastoids, filtered digitally to a band-pass
of 0.1 to 25Hz, and decimated to a final sampling
rate of 50Hz. The prestimulus baseline (200 ms)
was adjusted to zero to remove any DC off-set.
Vertical and horizontal electrooculograms (EOG)
were also recorded. Epochs containing artifacts were
rejected, and EOG-contaminated epochs were cor-
rected. Furthermore, any trial in which no detection
response or confidence rating was made by a subject
was excluded, along with the corresponding ERP.

Within each block of trials, a running-mean ERP
was computed for each trial (Fig. 3). Each running-
mean ERP was the average of the ERPs over a
window that included the current trial plus the nine
preceding trials for a maximum of 10 trials per
average. Within this 10-trial window, a minimum
of seven artifact-free ERPs was required to compute
the running-mean ERP. If fewer than seven were
available, the running mean for that trial was
excluded. Thus, each running mean was based on
a least seven but no more than 10 artifact-free

Fz 4 Pz
_ o =
G S
| oA
Y :NM ‘Vm A
L v %&ﬁ% ja: N ‘
A % \F A
% Mﬁ f"
; r 3 "WWE o 'M:*,g-,-:
L i SN | SRR
N e
M oA

S

500 1000 1500 0 500 1000 1500

Time (ms)

0 500 1000 1500 0

Fig. 3. Running-mean ERPs at sites Fz, Cz and Pz for subject
B in the first 50 running-mean ERPs.
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ERPs. This 10-trial window corresponds to about
30s of task time. The PFl scores for each trial
were also averaged using the same running-mean
window applied to the ERPs, excluding PF1 scores
for tridls in which ERPs were rejected. Prior to
analysis, the running-mean ERPs were clipped to
extend from time zero (stimulus onset time) to
1500 ms post-stimulus, for a total of 75 time points.

4. Results

The present work W?S %arried out with Gaussian
x—y
kernels: K(x,y) = e L ), where L determines the
width of the Gaussian function. The Gaussian kernel
possesses good smoothness properties (suppression
of the higher frequency components), and in case we
do not have a priori knowledge about the regression
problem, we would prefer a smooth estimate [14,10].

4.1. Chaotic Mackey—Glass Time-Series

On the (noisy) chaotic Mackey—Glass time-series,
we compared KPCR using the regressors extracted
by Kernel PCA preprocessing with KRR. Both
regression models were trained to predict the value
a timet + 85 from inputs at time tt — 6t — 12t
— 18. The training data partitions were constructed
by moving a ‘diding window’ over the 3000 training
samples in steps of 500 samples. This window had
two sizes-500 samples and 1000 samples, respect-
ively. This created six partitions of size 500 samples
and five partitions of size 1000 samples. We esti-
mated the variance of the overall clean training set
and, based on this estimate 2 = 0.05, we repeated
our simulations for the width L from the range
(0.262,206°) using the step size 0.01. A fixed test
set of size 500 data points (see Section 3.1) was
used in all experiments. The regularisation parameter
¥ in KRR was estimated by cross-validation using
20% of training data partitions for the validation
set. In fact, to find the value of ¥, we did the
cross-validation in two steps. First, the order of
was estimated, and then the finer structure of the
values in the range =1 order was taken to estimate
an ‘optima’ value of 4.

The performance of the regression models to pre-
dict a ‘clean’ Mackey—Glass time series was evalu-
ated in terms of the Normalised Root Mean Squared
Error (NRMSE). The best results on the test set
averaged over al individual runs are summarised in
Table 1. In Fig. 4, we aso compare the results on
the noisy time series and their dependence on the

04-12-01 15:36:27 Rev 16.03x NCA$$$319P

594

595

596

597

598

599

602

605

606

607

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

635

636

637

639

641



© © N o @ MNR

1

12

13
13

16

26
28

28

43

58
59

18

161
162

163
164
165
166
167
168
169
170

238

R. Rosipal et al.

Table1. Comparison of the approximation errors (NRMSE) of prediction for two different sizes of Mackey—Glass
training set. The values represent an average of six simulations in the case of 500 training points, and five simulations
in the case of 1000 training points, respectively. Corresponding standard deviation is presented in parentheses. n/s
represents the ratio between the standard deviation of the added Gaussian noise and the underlying time-series. For
KPCR computed on 500 training points, we used the first 495, 100 and 50 nonlinear principal components corresponding
to the case of n/s = 0.0%, n/s = 11% and n/s = 22%, respectively. For KPCR computed on 1000 training points, we
used the first 750, 125 and 75 nonlinear principal components.

Method n/s = 0.0% n/s = 11% n/s = 22%
500 1000 500 1000 500 1000
KPCR 0.038 0.008 0.307 0.280 0.443 0.414
(0.025) (0.004) (0.030) (0.003) (0.033) (0.010)
KRR 0.038 0.007 0.312 0.279 0.446 0.404
(0.024) (0.003) (0.032) (0.010) (0.036) (0.006)

!

1 1 i 1 1 1
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
L

0.25— L

________

. ) : +
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 02
L

Fig. 4. Comparison of the results achieved on the noisy Mackey—
Glass time series with the KPCR (solid) and KRR (dashed)
methods. Six different training sets of size 500 data points were
used. The performance for different widths (L) of the Gaussian
kernel is compared in Normaised Root Mean Squared Error
(NRMSE) terms. Top: n/s = 11%; bottom: n/s = 22%, n/s
represents the ratio between the standard deviation of the added
Gaussian noise and the underlying time-series.

width L of the Gaussian kernel. Although (from
Table 1) no significant differences can be noted
between the KPCR and KRR methods, results in
Fig. 4 suggest that, especially for a lower level of
the noise, the KPCR method provides slightly better
results, with a smaller variance over different train-
ing data partitions.

A relatively small width L of the Gaussian kernel
for which we observed the best performance of
KPCR on test set suggests that, for our Mackey—
Glass time-series prediction problem with the Kernel
PCA preprocessing step, mainly local correlations

NCA: NEURAL COMPUTING & APPLICATIONS - SPRINGER

of the data points on the attractor are taken into
account. Increasing the value of L leads to a faster
decay of the eigenvalues (e.g. see [23]), and to the
potential loss of the ‘finer’ data structure due to a
smaller number of nonlinear principa components
describing the same percentage of al the data vari-
ance. Increasing levels of the noise has the tendency
to increase the optima value for the L parameter,
which coincides with the intuitive assumption about
smearing out the local structure.

The significant difference between the prediction
accuracy on the clean and on the noisy Mackey—
Glass time series gives rise to the question of
whether it is possible to sufficiently reduce the level
of noise in the kernel space due to the violation of
the additive and uncorrelated essence of the noise
introduced by the nonlinear transformation. This
may potentially have a stronger effect on the main
principal components (see Fig. 1 (left)). Therefore,
we have to deal with the trade-off between noise
reduction and the associated signal information loss.

The solution of the eigenvalue problem (1) can
be numerically unstable when we are dealing with
matrix K of higher dimensionaity (in our case,
1000 X 1000). However, on the noisy Mackey—
Glass time series, we observed that the best perform-
ance of KPCR was achieved using less than 150
main nonlinear principal components. This simply
gives rise to the possibility of using the reduced
training data set to compute the main eigenvalues
and eigenvectors, and simply project the remaining
training data points onto the extracted nonlinear
principal components. In the following experiments,
we compared the performance of KPCR when the
whole training data set of size 1000 was used to
estimate the main nonlinear principal components
with the approach when the principal components
were estimated from the first half of training data
set. First, in Fig. 1 (right) we compare the main
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150 eigenvalues estimated from the first 500 data
points with these computed from the 1000 data
points. The small difference between both eigenspec-
tra suggests that the first half of the training data
set can sufficiently describe the subspace of the
feature space F which is generated by the nonlinear
transformation of the time series. In Table 2 we
compare the performance of both approaches. We
cannot observe any significant degradation in per-
formance when the reduced training data set is used
to estimate the main principal components. However,
from Table 2 we can also see that reducing the
number of eigenvectors used to 495 in the case of
the clean Mackey—Glass leads to a significant
decrease of the overall performance (NRMSE 0.014)
compared to the results in Table 1, where the best
performance was achieved using 750 eigenvectors
(NRMSE 0.008). We can conjecture that, although
in the case of clean Mackey—Glass using some of
the principal components corresponding to small
eigenvalues may improve the overall performance,
by adding noise to a time series these principa
components are negatively affected, and we can
achieve better results by their removal. However,
similar to the previous discussion, this leads to
signal information loss.

When extraction of a smaler subspace of the
nonlinear principal components is desired, we can
also avoid the problem of direct diagonalisation of
the high dimensional Gram matrix K by using the
approaches for iterative estimation of the principal
components. We have successfully used [19] the
expectation maximisation approach to Kernel PCA

Table2. Comparison of the approximation errors
(NRMSE) of the KPCR method using al 1000 training
data points (KPCR,40) t0 estimate eigenvectors and eigen-
values with the KPCR method, where the first half (500)
of the training points was used KPCRsy. In the latter
case, the rest of the training points were projected onto the
estimated eigenvectors. The values represent an average
of five simulations. Corresponding standard deviation is
presented in parentheses. n/s represents the ratio between
the standard deviation of the added Gaussian noise and
the underlying time-series. We used the first 495, 125 and
75 nonlinear principal components corresponding to the
case of n/s = 0.0%, n/s = 11% and n/s = 22%, respect-
ively.

Method n/s = 0.0% n/s= 11% n/s = 22%

KPCR;000 0.014 0.280 0.414
(0.005) (0.003) (0.010)

KPCRsy 0.017 0.282 0.414
(0.009) (0.005) (0.008)

NCA: NEURAL COMPUTING & APPLICATIONS - SPRINGER
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(EMKPCA) [24], which iteratively estimates only a
subspace of the main principal components.

4.2. Human Signal Detection Performance
Monitoring

The desired output PF1 was linearly normalised to
have a range of 0 to 1. We trained the models on
50% of the ERPs, and tested on the remaining
data. The results described for each setting of the
parameters, are an average of 10 runs, each on a
different partition of the training and testing data.
To be consistent with the previous results [20,22],
the validity of the models was measured in terms
of Normalised Mean Squared Error (NMSE) and
the proportion of data for which PF1 was correctly
predicted with 10% tolerance (Test Proportion Cor-
rect (TPC)), i.e. =0.1 in our case.

First, the performance of SVR and KRR methods
trained on data preprocessed by Linear PCA (LPCA)
in the input space was compared with the results
achieved by using MLSVR and KPCR on features
extracted by Kernel PCAS3. In the next step, we
compared the MLSVR technique trained on selected
nonlinear principal components with the SVR tech-
nigue trained on all data points without PCA prepro-
cessing.

We used € = 0.01, n = 0.01 parameters values
for SVR models. In the case of KRR, the regularis-
ation term was estimated by cross-validation using
20% of training data set as validation set. The same
cross-validation strategy as applied on the Mackey—
Glass time series was used. The results achieved on
subject A(891 ERPs), C(417 ERPs), D(702 ERPs),
F(614 ERPs) and H(776 ERPs) are depicted in Figs
5-7. From Figs 5 and 6, we can see consistently
better results on features extracted by Kernel PCA
on subjects D and F. These superior results achieved
using the Kernel PCA representation were aso
observed on the remaining five subjects. However,
on subject C, the performance with the features
selected by linear PCA was dlightly better. In the
next step, for individual subjects, we selected the
results for a Gaussian kernel width L on which
KRR (with linear PCA preprocessed data) and
KPCR (with Kernel PCA preprocessing) achieved
the minima NMSE on the test set. In Fig. 8 a
boxplot with lines at the lower quartile, median and
upper quartile values and a whisker plot for individ-

3 Although there are several approaches for selection of the ‘best’
subset of principal components [2], we used the criterion based
on the amount of variance described by the selected principal
components. In the case of linear PCA, we used the sample
covariance matrix to estimate principal components.
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Fig. 5. Comparison of the results achieved on subjects C, D and
F with MLSVR and SVR on data preprocessed by linear PCA
(LPCA + SVR), respectively. In both cases, the principal compo-
nents describing 99% of variance were used. The performance
for the different widths (L) of the Gaussian kernel is compared
in terms of Test Proportion Correct (TPC) and Normalised Mean
Squared Error (NMSE).
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Fig. 6. Comparison of the results achieved on subjects C, D and
F with KPCR and KRR on data preprocessed by linear PCA
(LPCA + KRR), respectively. In both cases, the principa compo-
nents describing 99% of variance were used. The performance
for the different widths (L) of the Gaussian kernel is compared
in terms of Test Proportion Correct (TPC) and Normalised Mean
Squared Error (NMSE).
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Fig. 8. Boxplots with lines at the lower quartile, median and
upper quartile values and whisker plot for subjects A to H. The
performance of KRR with LPCA preprocessing step (left-hand
boxplots) is compared with KPCR on data preprocessed by KPCA
(right-hand boxplots) in terms of Normalised Mean Squared Error
(NMSE). The boxplots are computed on results from 10 different
runs using the widths of the Gaussian kernel on which the
methods achieved minimal NMSE on test set.
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ual subjects is depicted. The boxplots suggest the
differences between the results on subjects D to H.
Using the sign test and the Wilcoxon matched-pairs
signed-ranks test, we tested the hypotheses about
the direction and size of the differences within pairs.
On subjects D to H, the p-values <0.03 indicate
the dtatisticaly significant difference between the
results achieved using linear PCA and Kernel PCA
preprocessing steps. The adternative hypothesis
regarding the superiority of LPCA leads to p-values
<<0.02. Although both tests on subjects A, B and C
did not show a statistically significant difference
between the results (p-values between 0.11 and
0.75), the aternative Wilcoxon test about the superi-
ority of LPCA leads to a higher p-value only on
subject C (A-0.12, B-0.25, C-0.88). Note that on
subject C, the smallest number of ERPs is available
(417). Figure 8 aso indicates the weakest results
with the highest variance over individua runs. This
result suggests that the number of ERPs from this
subject were insufficient to model the desired depen-
dencies between ERPs and the subject performance.
Moreover, in this case the dimension of matrix K
in the feature space F is lower (209) than the input
dimensionality (225), and we so cannot exploit the
advantage of Kernel PCA to improve overall per-
formance by using more components in the feature
space than the number available in the input space.

In Fig. 7 we demonstrate that without the Kernel
PCA preprocessing step in the feature space F, we
did not increase the overal performance. On the
contrary, on subjects A, B and H the performance
using the MLSVR method was slightly superior. On
the remaining subjects the difference was insignifi-
cant. In the case of subject C, where the number
of data points is less than the input dimensionality,
SVR provides superior results over any of the
methods considered which utilise Kernel PCA pre-
processing.

In the next experiments we compared the SVR,
KRR and KPCR methods on a data set using all
eight subjects. We split the overall data set (5594
ERPs) into three different training (2765 ERPs) and
testing (2829 ERPs) data pairs. Of the training data
set, 20% was used for cross-validation to estimate
e, n and ¥ parameters in SVR and KRR, respect-
ively. In the case of SVR, the direct solution of the
quadratic optimisation problem to find the vy, »*
and b coefficients (4) was replaced by using the
SYMTorch [25] algorithm, designed to deal with a
large-scale regression problems. In the case of
KPCR, the eigenvectors and eigenvalues were esti-
mated using the EMKPCA approach with 30 EM
steps. Based on the results reported in Rosipal et al.
[19], we have used the 2600 main nonlinear princi-

NCA: NEURAL COMPUTING & APPLICATIONS - SPRINGER

241

Table3. The comparison of the NMSE and TPC predic-
tion errors on the test set for the model based on al
subjects ERPs. The values represent an average of three
different simulations.

Method NMSE TPC

KPCR (with EMKPCA)  0.1543 83.28
KRR 0.1546 83.50
SVR (with SMVTorch) 0.1611 82.76

pa components. A Gaussian kernel of width L =
6000 was used.

Table 3 summarises the performance of the indi-
vidual methods. We can see a dlightly better per-
formance achieved with the KPCR and KRR models
in comparison to SVR. Together with the results
achieved on individual subjects, results in Table 3
suggest that on this data set, a Gaussian type of
noise is more likely, i.e. the regression models with
a quadratic cost function are preferable.

5. Conclusions

The Kernel PCA method for feature extraction has
been investigated, and the features selected were
used in a regression problem. On the performance
monitoring data set, in more than half of the cases
we demonstrated that the kernel regression methods
with a (nonlinear) Kernel PCA preprocessing step
provide significantly superior results over those with
data preprocessed by linear PCA. Only in one case
was an indication of the superiority of linear PCA
observed; however, the sufficiency of the data rep-
resentation in this case is questionable.

In contrast to Trejo and Shensa [20], where one
training (odd-numbered blocks of trials)-testing
(even-numbered blocks of trials) data pair was used,
in our study we created the different training-testing
data partitions by random sampling from al blocks
of trials. By using the kernel regression models on
these data partitions, we achieved approximately
twice the level of improvement in terms of TPC.
This is a quite significant improvement on this
biomedical application. However, in our future work,
the same data setting and representation (discrete
wavelet transforms of ERPs) as reported in Trejo
and Shensa [20] will be used to make more objec-
tive conclusions.

Moreover, we have shown that reduction of the
overall number of nonlinear principal components
can reduce the noise present. Similar to the investi-
gated Mackey—Glass time-series prediction task, this
can particularly be exploited in a situation where
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the low-dimensional input data are spread in all
directions, and the noise reduction by projection to
a lower number of linear principal components leads
to information loss.

The solution of eigenvalue problem (1) can be
numericaly difficult in the case of a high number
of data samples. On the noisy Mackey—Glass time-
series, we demonstrated that estimation of the main
eigenvalues and eigenvectors can be sufficient from
a smaller data representation. This implies the possi-
bility of significantly reducing the computation and
memory requirements, and of dealing with large-
scale regression problems. Moreover, in such situ-
ations, methods for the iterative estimation of the
eigenvalues can also be used efficiently [24,26].

On both data sets, by employing KPCR on the
selected nonlinear principal components, we demon-
strated comparable performance with KRR and SVR
techniques. The computational cost of this approach
is comparable with Kernel PCA, as the estimation
of the regression coefficients requires a diagonal
matrix inversion of the order p. Moreover, the
extracted regressors are linearly independent, which
is advantageous for subset selection techniques used
in linear regression. Using various strategies (e.g.
see [2,11] and the references therein) for deciding
which nonlinear principal components to delete from
the regression model can only improve the perform-
ance of the proposed KPCR modd in the feature

space F.
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Appendix A

In Section 2.1 we assumed that we are dealing with
centralised data ®(x) in a feature space. In practical
computation, the centralisation of the data leads to
the modification of Eq. (1) to the form [1]

na = Ka (15)

where the requirement of centralised data ®(x) was
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transformed to the change of K matrix to K = K
- 1K — K1, + 1K1, where 1, is an (n X n)
matrix of 1/n elements. Similarly, we have to change
the (n, X n) ‘test’ matrix K** whose elements are
Kis :=K(x;, x;), where {x}; and {x;}_, are test-
ing and training points, respectively. The centrais-
ation of the matrix K' is given by Kt = Ktet
- 1,K — K*1n + 1,K1, where 1, is now an
(n; X n) matrix with the same entries 1/n.
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