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IDEAL SHRINKING AND EXPANSION OF DISCRETE SEQUENCES

Andrew B. Watson

Abstract-We describe ideal methods for shrinking or expanding a discrete sequence,
image, or image sequence. The methods are ideal in the sense that they preserve the
frequency spectrum of the input up to the Nyquist limit of the input or output, which-
ever is smaller. Fast implementations that make use of the discrete Fourier transform
or the discrete Hartley transform are described. The techniques lead to a new multi-

resolution image pyramid.



This note describes a technique for shrinking and expansion of discrete sequencesf
which, though it follows rather directly from the nature of the discrete Fourier

transform (DFT), appears not to be widely known. The two problems it solves are

(1) how to shrink a sequence of length N to length M < N in such a way as to

exactly preserve all the frequency content that can be preserved, and

(2) how to expand a sequence of length N to length M > N in such a way as to
exactly preserve the frequency content of the original and not to introduce frequen-

cies not present in the original.

Sequence shrinking and expansion operations are widely used in digital signal pro-
cessing and image processing, .or example whenever the size or aspect ratio of an image
must be changed. One recent development in the area of image analysis is the fmage
pyramid, In which a single image 1s transformed into a number of copies that vary in
resolution, each with a size proportional to resolution. [1] Although this transform
expands somewhat the space required to store the image, the explicit representation of
resolution information makes certain analyses of the image much easter. Image pyram-
ids are generally constructed using shrinking and expansion operations, and we will
show that the operations developed here lead to a new pyramid structure with some spe-

cial virtues.

A large part of this paper consists of a detailed derivation of the ideal shrinking

and expansion algorithms. So that the reader does not become lost in the details we

t We use the term sequence to refer to an ordered set of possibly complex numbers. As will be

shown, the concepts generalize to two dimensions {images) and three dimensions (image sequences).



give here a brief synopsis. The basic idea is that a discrete sequence of length N con-
tains frequencies up to N /2. These frequencies are represented in the discrete I'ourier
transform (DFT) of the sequence, which is also of length N . Within the DFT sequence
there is a sub-sequence of length M which represents the frequencies up to M /2. If
this subsequence is plucked from the DFT and inverse transformed, it will result in a
new sequence of length M . This sequence will be an ideal low-pass filtered, subsampled
version of the original. It will share all frequencies with the original up to M /2. We
call it an ‘‘ideally shrunk’ version of the original sequence. Similarly, an ‘‘ideally
expanded” sequence is obtained by embedding the DFT of the original in a larger
sequence of zeros, and inverse transforming. The only complexity (which is glossed over
in the preceding synopsis) arises in the treatment of the Nyquist frequencies (£/N /2 in
the DFT of a sequence of length N ), and we also provide an alternate, slightly-less-

than-ideal algorithm which avoids these difficulties.

Since all shrinking and expansion operations involve filtering and sampling, we
begin with a brief review of this subject in the domain of functions of a continuous vari-

able.

1. Critical Sampling of Continuous Waveforms

In this discussion we follow Bracewell's use of the functions II{z ), a unit pulse

defined by
[z })==1 ~1/2 < x < 1/2 (1)
= 1/2 r == ~1/2 or 1/2
=0 elsewhere.



and ITI(z ), an infinite train of unit impulses at unit intervals.

It is well known that a waveform band-limited below w /2 (the Nyquist frequency)
can be exactly recovered from samples taken at intervals of 1/w . [2, 3, 4] If it is neces-
sary to sample an arbitrary waveform at frequency w, the portion of the spectrum
between the Nyquist limits of —w /2 and w /2 can be preserved by removing the portion
of the spectrum outside the Nyquist limits before sampling. This may be done by pre-
filtering the waveform with an Ideal Low-Pass (ILP) filter whose Fourier transform is

L(u)=Tu/w) (2)
that is, a pulse of unit height and width w. The filtering is done by multiplying the
Fourier transform of the waveform by L (u } and inverse transforming the result. This
is equivalent to convolving the waveform with ! (z ), the inverse transform of L {u )},
which i3 a sinc function. Following pre-filtering, sampling is accomplished by multiply-
ing the waveform by ITI(zw ), a train of impulses spaced at intervals of 1/w . In the fre-
quency domain, this replicates the prefiltered spectrum at intervals of the sampling fre-
quency w . These replicas will overlap at +w /2. The even component at this fre-
quency will be doubled in amplitude, while the odd component will cancel itself. So if
the original spectrum is non-zero at w /2, then samples at a frequency of w preserve

only the even portion of this component. This is known as critical sampling. [5]

2. Ideal Reconstruction of Continuous Waveforms

As noted, sampling replicates the band-limited spectrum at intervals of the sam-
pling frequency w . To recover the band-limited spectrum it is necessary to multiply by

a reconstruction filter R {u ),



R{u)=1 —w 2 <y < w/2 (3)
=0 elsewhere.

Note that this differs from L (u ) only at +w /2.

3. Discrete Fourier Transform

We assume the reader is familiar with the basic concepts of discrete complex
sequences and of the discrete Fourier transform (DFT). We review several key points.

Let f, be a complex sequence of length N . We define the Discrete Fourier

Transform (DFT) of f, as

Fpb=% . W™ k =0, ,N-1 (4)

W — e -1 2n/N

The Inverse Discrete Fourier Transform (IDFT) is defined as

N -1
fm = N“g;o F, Womk (5)

The relation between a sequence and its transform may be expressed by the notation

fom —Fy (6)
which may be spoken as “f_, has DFT F,”. It should be noted that various

definitions of the DFT exist in the literature, differing primarily in whether the factor
N1is placed in the forward or the inverse transform. We follow that given in Rabiner,

in Oppenheim and Schafer, and in Nussbaumer. [6, 7, 8]

4. Discrete Frequency Spectra

A sequence [, of length N has a DFT F, of length N, which defines its discrete

frequency spectrum. By convention, the indices k¥ = 0, - - - /N -1 of the transform



map to frequencies w = -N /2, - - - |N /2-1 according to the rule

w = ({k-N /2) modulus N )}-N /2 (7)
as shown in Fig. 1 Where the DFT is concerned, a sequence and its transform are
regarded as periodic: for a sequence f, of length N, f,. v = f, for integer k.
Note that for a sequence of length N, the “highest” frequency present is —-N /2, (the
Nyquist frequency). Since the spectrum is periodic with period N, the component at
N /2 is the same as the component at -N /2. Hence a sequence of length N contains

only an even component at the Nyquist frequency.

5. Ideal Re-Sampling

To retain a close analogy to the continuous case, we have interpreted sampling of a
discrete sequence to mean multiplying by a sampling sequence (zeroing certain ele-
ments), but not changing its length. We will use the term re-sample to describe an

operation on a discrete sequence which does change its length.

When a discrete sequence is re-sampled some of its properties will change and some
will remain the same. Choice of a re-sampling scheme must be guided by which proper-

ties the user wishes to preserve. In the scheme discussed here, we preserve, where

index
0t 2 3 4 S 6 7
o1 2 3 -4 -3 -2 -|
frequency

Figure 1. Arrangement of frequencies in the complex DFT.



possible, the portions of the frequency spectrum shared by old and new sequences. We

call this sdeal re-sampling (IR), so-called by analogy to an ideal low-pass filter.

The following discussion is illustrated in Fig. 2. We begin with a discrete sequence
f .. of length N with DFT F; (Fig.s 2a and b). We wish to resample [, to a
sequence of length M << N . It should be clear that if N /M 1is not an integer, then
the new sample points will "fall in between” the samples in the original sequence. Thus
it becomes necessary to convert the discrete sequence to a function of a continuous vari-

able before sampling, and then back to a discrete sequence after sampling.

To do this, we construct a function

N /21
/' owiz)= fm bz-m/N) (8)
_N /2
that is a set of N impulses spaced at intervals of 1/N , multiplied by the values of the

discrete sequence (Fig. 2¢).

We can do likewise with the DFT F, (Fig. 2d), except that the impulses are spaced
at unit intervals, and the result is expressed as a function of a frequency variable u |

N /2-1
F' ylu)= F, 8u-k) . (9)
N2

Next we convolve f ' with [Ilz ),

fa()=f" y{z)* Iz} . (10)

This has the effect of replicating the set of impulses at unit intervals. Since the set

extends over a distance of (N -1)/ N, this results in a periodic function (Fig. Ze).

Likewise, '’ 5 can be convolved with ITi{(u /N ) {a pulse train with intervals of

N) to replicate the set of impulses at intervals of N,
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Figure 2. Ideal shrinking of a discrete sequence of length N to a sequence of
length M <N .



Fy(w)=F' y(u)* Il{u /N} . (11)

as shown in Fig. 2f.

Now we will show, as indicated in Fig. 2, that F)y (¢ ) is the Fourier transform of
f n(z). Making use of the convolution theorem and the Fourier transform of an
impulse, and the fact that ITI is its own Fourier transform,
N /2-1 .
FT{fy()}= | 8 fo ei2m/N @) (12)
_N/2
Note that, whatever the function within the brackets, it will be multiplied by ITI(x )
and so only its values at integer values of ¥ will matter. But when the integer variable
k is substituted for u into the bracketed expression, it becomes an exact expression for

the DFT of f . , that is, F} |

FT(fx()y=[F |,_, W) (13)

But, due to the cyclic nature of Fy , this is an expression for Fyy (u ), thus

k =y

FT{/n(z)}="Fy(u) (14)

The above steps provide a general scheme for moving between a sequence and its DFT,

and a function and its FT.

The function f y (z ) corresponds uniquely to a continuous, band-limited function
/ {z) which may be thought of as the function from swhich f y (z } was sampled. As
noted above, f (z) can be exactly reconstructed by multiplying the FT of f y(z),
that is, Fiy (u), by the function R (¥ /N ). As shown in Fig. 2i, this has the effect of
stripping away the replicas of the original set of impulses, and returning to the function
of Fig. 2d, plus an extra impulse at N /2. The corresponding operation in the space

domain is convolution with the function sinc(Nz ), which converts the set of impulses



into the continuous periodic function shown in Fig. 2h.

In the next step, we wish to sample the continuous function at a rate of 1/M so
that each period will be described by exactly M samples. As noted above, we can do
this without aliasing if the function is first ILP filtered. This can be done by multiply-
ing the transform F (u ) by the function IT(u /N ),

Gl{e)=H(u /M) F(u) (15)
As shown in Fig. 2j, this reduces the number of impulses to M +1, and in addition
halves the values of the two outermost impulses at M /2 and -M /2. In the space
domain, the resulting function g (z ) is somewhat smoother than f (z). It could have

been obtained from f {z ) by convolution with the function M sinc(Mz ).

Now we can sample g (z ) at intervals of 1/M by multiplying by ITI(Mz ) (Fig 2k),

gv(2) = g (z) I(Mz) (16)

But this is equivalent, in the frequency domain, to convolution with the function
IM(u /M ) (Fig. 21},

Gp(u) = G{u)* (e /M) (17)
As illustrated, this convolution replicates the transform G (u ) at intervals of M . This
causes the left and rightmost impulses in the original transform to overlap their opposite
numbers in the replicas, Thus Gjs (u ) is periodic with period M, and the value at
~M /2 is equal to the value at M /2, which in turn is equal to the average of the values

at these two frequencies in the original DFT F; .

The final step is to reverse the process whereby we converted a discrete sequence
and its DFT into a function and its FT. The discrete sequence g,, is taken as the

amplitudes of the impulses making up one period of the function g, (z ), and likewise

10



G, is drawn from one period of Gy, (u ). Thus we arrive at the sequence g, and its
DFT G, , both of length M. Note that the components of the sequence G, are identi-
cal to the corresponding components in F} , save for that at the new Nyquist frequency
M /2, where only the even component of the original sequence is preserved. Thus the

sequence g,. is an ideal re-sampling of f ,, .

It should be clear from the proceeding that the ideal resampling operation is much
simpler in the frequency domain than in the space domain. We make this explicit below

in the form of ideal shrinking and expansion algorithms.

6. Idea) Shrinking

Let M be an integer less than N and let @ be the rational number M /N . We
define ISHRINK; (Ideal Shrink) as the operation that shrinks a sequence f,, of length

N to a sequence g, of length M =QN |, by the rule

9m = ISHRINKg { [, } = IDFT{TRIMa{ DFT {f , }}} (18)
The TRIM, operator acts on Fy =DFT {f,, } to produce G, =DFT {g,, } according
to the rule

G" :Fk k :“M/2+1,"',M/2—1 (19)

Gup=(Fyp+F _ymp)?
Frequencies below the new Nyquist are drawn directly from corresponding frequencies in

the old sequence. The single value at the new Nyquist is taken as the average of the
two corresponding frequencies in the old spectrum. One way of envisioning the action
of the TRIMg operator is illustrated in Fig. 3. The two ends of the transform, up to

each new Nyquist, are pulled off. The Nyquists are halved, and the two pieces are put

11
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together so that the Nyquists add.

7. Ideal Expansion

The logic of ideal expansion is nearly identical to that of ideal shrinking. As shown
in Fig. 4, it differs only at two steps. First, when the continuous waveform f (z) is
ILP filtered by multiplying its transform F (u ) by II{u /M ), this has no effect, because
the spectrum has no components at or beyond the new Nyquist limits (v > M /2).
Thus the waveforms and spectra in Fig.s 2g-j are identical. Second, when the function
¢ (z } is sampled, its spectrum is replicated at intervals of M , leaving a gap between the
end of the original spectrum and the start of the first replica. Note that the values of
the original spectrum are preserved in the resampled spectrum, thus the operations pie-
tured in Fig. 3 are an ideal resampling of the sequence f, . These observations can be

condensed into an ideal expansion algorithm.

Let f, be a sequence of length N, with DFT Fy . We define IEXPANDg as the

operator that expands f, to a sequence g,, of length M according to the rule

IEXPANDG{ f ,, } = PAD, { F; } (20)

As in the case of ideal shrinking, the expansion is achieved by way of an operation on

the transform, which we give the name FADg , and which is defined by

Gk :-TJFk k:-N/Q,"',N/Q (21)

=) elsewhere.

Frequencies below the old Nyquist are mapped directly into corresponding frequencies in

the new sequence, and the remainder of the spectrum is filled with zeros.

13
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8. Complexity Analysis

The Trim algorithm provides considerable savings over other methods of perform-
ing an Ideal Shrink. As an example we compare a direct method and the ISHRINK g

method for shrinking a real sequence of length N to a sequence of length M .

When the ratio 1/Q =N /M is an integer, the direct method is to convolve the
input sequence with the ILP impulse response {,, , and then take every N /M th sample.
These operations can be combined, and the convolution only evaluated for M elements.
The impulse response is real, therefore there will be one real multiplication and one real
addition per point multiplied, and for each output point there will be N input points.
Thus the numbers of real multiplications m and additions a are

m —a = MN (22)

If welet f —=m -+a be the number of real operations,

[/ =2MN (23)
Use of the Trim algorithm requires two DFT's, one of length N and one of length M .
Nussbaumer |7] shows how a complex radix-2 FFT can be computed in

m = (N /2)(3log,N -10)+-8 a == (N /2)(TlogsN -10)+8 (24)
Thus

J = 5(N logoN +M logoM }-10(N +M )+32 (25)

For a real sequence, half as many operations are required, so

[ = 2.5(N logaN +M logoM )-5(N +M )+16 (26)

Figure 5 illustrates how this quantity varies with input and output size, and Fig. 6

shows the ratio of number of operations required for direct and trim methods.

15
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9. Real Sequences

The DFT of a real sequence is hermitian, and consequently half of its values are
redundant. Various algorithms exploit this redundancy to compute the DFT in essen-
tially half the operations that would otherwise be required. [6] Typically only the posi-
tive frequencies will be represented in the transform, which will extend from 0 to N /2
(length N /2+1) for a real sequence of length N . In this case the Shrink algorithm is
simpler. The elements beyond M /2 are discarded, the element at M /2 is halved, and
the resulting complex transform of length M /2+1 is inverse transformed. The Expan-
sion algorithm consists of padding the transform to length M /2+1 with zeros, and

inverse transforming.

10. The Discrete Hartley Transform

Bracewell has recently drawn attention to a DFT-like transform which avoids the
complications introduced by the complex values in the transform of a real sequence.

19, 10, 11] A Discrete Hartley Transform (DHT) may be defined as

H, = Nil z,, cas (2mkm /N ) (27)
=0

where cas 8§ — cosf® + sinf. There 1s also an inverse transform

N-1
hy, = N1 % F, cas (2mkm /N ) (28)

m =0
(This definition differs from that given by Bracewell in the choice of where to put the
factor N~!, which we place in the inverse transform to be consistent with our definition

of the DFT.) The virtue of the Hartley transform is that it transforms a real sequence

into a real transform, while retaining many of the useful properties of the DFT.
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It can be shown that if the sequences shown in Fig. 2 are now regarded as purely
real DHT’s (rather than complex DFT’s), then all of the steps of the derivation of the
ideal shrink operation are equally valid. Thus somewhat simpler versions of the

TRIMy and PADg can be constructed in which real DHT's are padded or trimmed,

and inverse DHT'd, to obtain ideally shrunk or expanded sequences.

11. The Ideal Pyramid

In the area of image processing and analysis there has been some interest in
“pyramid” schemes. [12, 13, 14, 15, 1] Such schemes typically subject an image to
repeated low-pasy filtering and sub-sampling, each cycle creating one layer of the
pyramid. This low-pass pyramid can then be used to create a band-pass pyramid, by
differencing adjacent low-pass layers. (13, 14| The shrink and expand operators intro-
duced here lead directly to a pyramid structure. Although pyramid algorithms are typi-
cally uséd on two-dimensional images, for simplicity we begin with a one dimensional
example. Let z, be an input sequence of length NS/, where N, S, and I are integers.
The original image is considered the base of the pyramid. Let @ =1/S. Each of the
other I layers of the low-pass pyramid is given by

7; = ISHRINKg { %, ,} ¢ =1,---,] (29)
In words, each successive layer is obtained by shrinking the previous layer by a factor
Q =1/5. Thus layer ¢ is of length NS/-*. In particular, the first layer is of size

NS, and the last layer is of size N .

Each layer of the band-pass pyramid is created by subtracting from each lowpass

layer an expanded version of the next layer,
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