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Many visual displays, such as movies and television, rely on sampling in the time domain. We derive the
spatiotemporal-frequency spectra for some simple moving images and illusirale how these spectra are altered by
sampling in the time domain, We construct a simple model of the human perceiver that predicts the critical sample
rato roquired to render sampled and continuous moving images indistinguishable. 'I'he rate is shown to depend on
the spatial and the temporal acuity of the observer and on the velocity and spatial-frequency content of the image.
Several predictions of this model are tested and conlirmed. The model is offered as an explanation of many of the
phenomena known as apparent motion. Finally, the implications of the model for computer-generated imagery are

discussed.

INTRODUCTION

A film of an ohject in motion presents us with a sequence of
slatic views, yet we usually see the object moving smoothly
across the screen. This and other varielies of apparent
muotion have fascinated and challenged psychologists for
more than a century.! ¢ Tt has also become a problem of
considerable applied as well as theoretical interest with the
advent of computer-generated displays. The applied ques-
tion is: How often must we present a new view for the
stroboscopic display to simulate smooth motion faithfully?
The theorctical question may be stated: How can a se-
gquence of stationary images simulate smooth motion, and
why is this particular strobe ratle required?

Previous attempts to answer these questions have suf-
fered in parl from lack of an objective measure of how well
the stroboscopic display simulates a continuous display.
The strictest possible criterion for fidelity is considered
here: the ability of a human observer Lo discriminate visual-
ly, by whatever means, between stroboscopic and continuous
displays. This permits us to determine the conditions un-
der which stroboscopic and continuous motion are visually
identical. The perceptual identity of continuous and stro-
boscopic displays is then explained in terms of the known
spalial and temporal properties of the human visual system.

Thig explanation could take either of two forms. We
could examine the stimuli and visual mechanisms in terms of
their representation in space and time or in terms of spatial
and temporal frequency. Although the two explanations
are equivalent, the explanation is simpler in the frequency
domain. Fahle and Poggio” have applied a similar freqguen-
cy analysis to moving hyperacuity targets.

TIME-SAMPLED MOVING IMAGES

In a stroboscopic display the stimulus is a time-sampled
version of a corresponding real motion, For example, to
create the appearance of a vertical line with unit contrast
moving smoothly to the right at a velocity r, we present a
succession of brief views of the line, each following the other

by an interval of time At, each displayed to the right by a
distance Ax = rAt. The sampling frequency w;, is the inverse
of the time between presentations (i, = 1/4¢). In addition,
each sample is presented with contrast At, so that the time-
average contrasts of stnooth and sampled versions are equat-
ed. Figure 1(a} plots the position of the smoothly moving
line as a function of time; the graph is a line through the
origin with slope r. Figure 1(b) shows the corresponding
graph for the sampled version; it is a sequence of points lying
along a line through the origin with slope r.

CONTRAST DISTRIBUTION OF CONTINUOUS
MOTION

Figures 1(a) through 1(d) show the contrast distributions
and {requency spectra for smooth and stroboscopic motion.
The points and lines in the graphs should be regarded as
impulses and line impulses projecting out from the page.
For example, the contrast distribution for the smoothly
moving line [Fig. 1(a)] is

Ix, ty = 6(x —rt), 1

where {{x, t) specifies the contrast in the line at each point in
horizontal space x and time ¢ and where 6 is the impulse
function. The function {{x, ) is a line impulse in the x, ¢
space.

CONTRAST DISTRIBUTION OF STROBOSCOPIC
MOTION

The stroboscopic preseniation is accomplished by present-
ing the line briefly every At sec at a contrast of At. This
amounts to multiplying by a sampling function

s(t) = Al z (0 — nAt). (2)
e
This has the effect of exposing the line only at times that are
integral multiples of At. Then the stroboscopic moving line
is given by
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Fig. 1. Graphs and specira of smooth and sampled lines. DPoints
and lines should he viewed as impulses and line impulses projecling
out from the page. (a) The distribution of contrast over space and
time of a line moving smoothly to the right at a velocity r deg/sec.
The distribution is 8(x ~ rt), where & is the impulse function. {(h)
ontrast distribution of a sampled version of the moving line. 'I'he
points indicate the times and positions at which the samples are
presented. The distribution is Afs(x — re) Z5__, 8(t — nAt), (¢}
The spatiotemporal-frequency spectrum of the smoothly moving
line. Toereate a smouthly moving line [rom sinusoidal components
we require that all spatial frequencics and their temporal [requen-
cies increase in proportion to the spatial [tequency. The spectrum
is 6w + ur), where w is temporal frequency in hertz and u is spatial
frequency it cycles per degree. (d) The spectram of the time-
sampled moving line is identical to the spectrum in {c), except for
the addition of parallel replicas at intervals of w,. The spectrum is
2o 8wt wr — nw,). A similar analysis of spectra of smooth and
sampled motion has been provided by Fahle and Poggio.”

Lx, t) = I(x, )s(t} = ALS(x — rt) Z 3L — nAL).  (3)
e
This contrast distribution for sampled motion is shown in
Fig, 1(h). Itis a sequence of impulses, separated by Ax in
the x dimension and At in the ¢ dimension. Notice that each
impulse is multiplied by At, so that the contrast per unit
time and space is the same in smooth and sampled images.

FREQUENCY SPECTRUM OF CONTINUOUS
MOTION

These distributions may be Fourier transformed to provide a
description ol the spatial- and temporal-frequency compo-
nents that make up each stimulus. The transform of the
smoothly moving line fAu, w) is easily determined by appli-
cation of the shift theorem

L, w) = lf’Tvr)r[_,’,(x, )]

= T, [5(x — rt)]

It

T, exp(~i2xriu)

Sl + ru), (4)
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where F']" indicates the Fourier transform,  is the horizon-
tal spatial frequency in cycles per degree, and w is the tom-
poral frequency in hertz. Figure 1(c} shows Lhat this spec-
trum is a line impulse passing through the origin with a slope
of —r1,

An intuitive derivation of this result is revealed in the
construction of a stationary line from sinusoidal compo-
nents. Figure 2 illustrates how this is done by adding to-
gelher an infinity of sinusoids, all with peaks coinciding at
the position of the desired line. At that position, the many
sinusoids add up to form the impulse; at all other points
their values sum to zero. To make this line move, each
sinusoid must be translated at the same velocity, so that the
peaks continue Lo coincide al the location of the line. But
the temporal frequency of a sinusoid in motion is equal to
the product of its spatiat frequency and its velocity (w = ur),
so the temporal frequency of each sinusoid making up the
line must increase in proportion to spatial frequency, with a
proportionality constant of r [see Fig. 1(c)].

FREQUENCY SPECTRUM OF STROBOSCOPIC
MOTION

T'o find the transform of the sampled motion, we use the
convolution theorem

L, w) = PT, |Lix, t)]
=P |s{t)iix, )]

= 8Go) * Lu, w)

d(w + ru) « Z Suw — n/AL)

H=—n

s

2 dlw + ru — nw,). (6]

= —w

If

This transformation is shown in Fig, 1(d). Tt is the same as
that for smooth motion, except for the addition of parallel
replicas at intervals of w, Hz.

it

Fig. 2. Line constructed lrom sinusoids.  (a) Five sinusoids whose
peaks superimpose at a point. (1) The result of adding the five
sinugoids together and dividing by live.






